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Slew Maneuver of a Flexible Space Structure
with Constraint on Bending Moment

Hironori A. Fujii, Hirohisa Kojima, and Nobuyuki Nakajima
Tokyo Metropolitan Institute of Technology, Tokyo 191-0065, Japan

A control scheme is proposed for a rest-to-rest slew maneuver of a flexible space structure with constraints
on the maximum value of the bending moment of the flexible structure. The flexible space structure treated is a
rigid body equipped with a flexible appendage. The slew maneuver is a rest-to-rest maneuver with a constraint
on the bending moment at the root of the flexible appendage, and a control scheme is studied to minimize the
bending moment due to the structural vibration inevitably excited by the slew maneuver of the flexible structure.
The optimal control profile is studied both analytically and experimentally to solve the control algorithm and also
to verify the validity of the implementation. Results of the numerical and experimental analyses of the present
control are compared with those of the well-known time-optimal control and the robust time-optimal control to
demonstrate the effectiveness of the present control scheme.

I. Introduction
S construction technology is developed for space systems,
their characteristicdimensions are expected to increase. Large
space structures (LSS) must be light in weight to offset huge launch
costs; thus, their structure subsystemcomponents will also be highly
flexible.

An extremely small amount of damping in the flexible structures
is expected due to the vacuum feature of the space environment, and
thus the vibration of the flexible space structure will be difficult to
suppress once it has been excited. Also, it is widely known that
large flexible space structural modes are characterized by many
low-frequency vibrational modes, and control/structural interaction

associated issues, as well as observation (measurement) spillover,
may be of concern.

Extensive studies of the minimum and near-minimum time slew-
ing of large flexible space structures have been reported.!~” The
resulting open-loop time-optimal control obtained as a switching
bang-bang type is usually very sensitive to system modeling errors,
inmany cases, because the maneuvertime ¢, is chosenas the perfor-
mance index in this control scheme and the system modeling error
is not directly considered. Large flexible space structuralmodes are
associated with various uncertain system parameters, which make
it difficult to predict the dynamics. To overcome this problem, a ro-
bust time-optimal control method has been proposed and applied to
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flexible space structures =1 In the robustified method, constraints
for robustness with respect to structural frequency uncertainty are
addedto the time-optimal problem as the final conditions,and the re-
sulting robustfied, time-optimal solution for the flexible space struc-
ture is obtained as a multiswitchbang-bang control. The input shap-
ing control method is another method to improve the robustness of
the time-optimal control algorithm and has been applied to flexi-
ble space structures.''~'* Singhose et al.!> have proposed a method
to minimize maneuver time subject to constraints on residual vi-
bration magnitudes, sensitivity to modeling errors, rest-to-rest slew
distance, and the transient deflection amplitude.

These time-optimal control algorithms are studied with the main
objective being the suppression of residual vibrations, without con-
siderationof the bending momentinduced on the flexible appendage
during the maneuvers. Note that the value of the bending moment
can be representative of the vibrational feature of the flexible ap-
pendage. Also note that flexible motions inevitably excited during
slew maneuvers could be a serious drawback to the achievementof
stringent high performance of LSS with very low bending rigidity
and damping characteristics.

The presentpaper focuses on the behaviorof the bending moment
induced on the flexible appendage during the transitional motions
of a flexible space structure and introduces the concept of mini-
mum bending-moment control. The time integral of the square of
the bending moment is chosen as a performanceindex in the present
concept. Large structural deflections induce large internal loads on
flexible structures, and the limitation on the deflection during the
maneuver is an important feature. The minimum bending-moment
control with inequality constraints on the maximum value of the
bendingmoment is studied. The final time in the minimum bending-
moment controlis setas closeto thatresulting from the time-optimal
control because the final time also remains as one of the most im-
portant performance standards. Performance of the present control
is compared with that of the time-optimal control and that of the
robust time-optimal control by both numerical simulations and ex-
perimental analysis.

The minimum bending-moment control problem is studied by
the nonlinear programming method, which is useful for solving the
optimal control problem with inequality constraints on the state
variables.

The model employed in the experimentis a rigid-body equipped
with a flexible beam running on a rail. All control algorithms have
been implemented in experiments to verify the validity of the ana-
lytical results obtained from theory.

II. Problem Formulation

A. System Model

Figure 1 shows a model of a space structure consisting of a rigid
body equippedwith a flexibleappendage.The appendageis assumed
to be a cantilever beam with one end fixed to the rigid body and the
other end free. Translational and vibrational motions are assumed
to be planer two-dimensional motion. The control input is assumed
to be applied only on the rigid body. When the structural damping
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Fig.1 System model.
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and the air drag are neglected, the behavior of the present model is
described by the following equations of motion:
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0
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with the boundary conditions
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where the dot indicates differentiationwith respectto time, yy is the
displacementof the rigid body, u is the controlinput, and m,, p, and
E are the mass of the rigid body, the mass density of the beam per
unit length, and the bending rigidity of the beam, respectively. The
parameters p and E are assumed to be constant along the beam.
When the flexible vibration of the appendage by the vibrational
mode

YE D =D 0(E)yi(r)

i=1

is expanded and the state variable is transformed from
Y=o Yo y1 Y1 ».oos Yuulm OX=[x; X2 ,..., X2u42]" by
using the transformaion x =7y, where T is the transformation
matix, Egs. (1) and (2) can be rewritten in the following state-space
equation:

x(t) = Ax(t) + Bu(t) 4)
where the coefficient matrices A and B are
A = blockdiag[4Ay A; -+ A,] %)

B=1[0 ¢ 0 ¢ - & (6)

A0=|:O 1] A,-=|:O 1} -
0 0 —w? 0

Ay is the matrix associated with the rigid-body motions, A; is the
ith modal matrix, ¢; is the ith modal gain, and wj is the ith flexible
modal frequency. In the present study, we assume that the following
constraint exists on the control input:
lu)l <1 or  1—u*@®)=0 ®)

B. Minimum Bending-Moment Control
The minimum bending-moment control concept introduced in
this paperdescribesa methodto find the controlinputthat minimizes
the following performance index in the rest-to-rest slew maneuver:

ty
J=/ M>*(t)dt )

subjectto Eqgs. (4) and (8), and
x(t)=[0 0 0 --- 0] (10a)
x(t)) =[x 0 0 -+ 0] (10b)

where x, ; is the objective final positionof the rigid body and M (¢) is
the bending moment at the root of the beam. Let us assume that the
vibrational motion of the flexible appendage under consideration
includes only the first bending mode of vibration to simplify the
analysis. The bending moment at the root of the beam can then be
expressed as

M(t) = ax;(t) (11)

where « is a coefficient determined from the bending stiffness and
the length of the beam.
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III. Nonlinear Programming Problem
A. Performance Index
Integrating Eq. (4), we have

1y

x(1) = e 0x(1y) + / e* D Bu(r)dr (12)
to

Using the condition that x(#)) =0 in the present formulation of the

rest-to-rest maneuver, this equation is seen to be equivalent to the

following equations:

xi(t) = /tqso(tf —D)u(r)dr (13a)
X, (1) =/t¢0u(r)dr (13b)

x;(t) = /t % sinw(r — T)u(r) dr (13¢)
X, () = /t(pl cosw(r — t)u(r)dr (13d)

Substituting Eq. (13c¢) into Eq. (9), we obtain

2
tr t
J=/ 012|:/ %sinw(t—r)u(r)dri| dt (14)

B. Necessary Conditions

When the constraints on the state variables at the final time,
Eq. (10b), and the control input constraint, Eq. (8), are added to
the performance index, the Lagrangian to be minimized is defined
as follows:

2
1% '
L(M,)»)=/ |:/ a_qslsinw(t—f)u(f)df} dr
to 0 w
ty
+tv / Go(ty — Du(r)dr — xyy

tf tf
+vz/ qﬁw(r)dr—l—w/ %sinw(t—r)u(r)dr

0

t t
+ v4/ ¢ cosw(t — T)u(r)dr +/ A1 — u?(@)]de
(15)
where
lu| < 1

=0
A
(”{zo jul = 1 (16)

Taking the Fréchetderivativeof Eq. (15) with respectto u, we obtain

Lutem — L@ _ 7 ¢, — o) de

€ 0

ty ty
+v2/ ¢0n(r)dr+v3/ ﬂsina)(tf—r)n(r)dr
w
to

10

1y
+ v4/ ¢ cosw(t; —T)n(r)dr
to

ty t 2
+2/ |:/ (%> sinw(t—r)u(r)dri|
fo fo @
t ty
X / sinw(ty — 1)n(r)dr dt—Z/ A@u(t)n(t)de

to

a7

The stationary condition of Eq. (15) is that Eq. (17) reduces to
zero for arbitrary n; thus, we can obtain the integral equation of the
optimal control input. Note that, when the optimal control input u*
satisfies |[u*| = 1, the optimal controlinputhas been already obtained
and thatitis notnecessaryto solve theintegralequation. The integral
equationis

K Vi
vigo(ty — T) + vagho + — sinw(t; — 1)

to

+ 40, cosw(t; — r)}n(r) dr

[/ [ ]

+ — | sinw(t — t)u(r)dr

0 0 @

X |:/ sinw(t—r)n(r)dri| dt =0 (18)

Equation (18) reduces to the following equationthrough the process
of derivation as described in the Appendix:

T ty
/ K (t,s)u(s)ds = —/ K>(z, s)u(s)ds
2

@ V3
_ 27512 [Vl¢0(tf — 1)+ ¢+ " sinw(ty — 1)

Fvipicosw(ty — r):| (19)
where
Ki(r,5) =[w(s —t)cosw(s — 1) —sinw(s — 7)] 2w (20a)
Ky(t,5) = {—2w(s —tf)cosw(s —T) + sinw(s — T)

— sin[20t; — w(s + 1)1} /4w (20b)

Note that the integral equation expressed by Eq. (19) is the first
kind of Volterra integral equation, which can be converted into the
second kind of Volterra integral equation. By differentiating both
sides of the equation four times with respect to 7, we get

% / [—w(t —s)cosw(t —s) — 3sinw(t — s)Ju(s)ds + u(r)

= acoswt + bsinwt

o*vycosw(t; — 1)+ Wvysinw(t; — 1)
2¢,

where a and b are constants. Taking the Laplace transform of both
sides of Eq. (21) yields

@n

U(s) = —{(s2 + wZ)[—Z(as + bw)p; — @ (v3 — sv,) coswt s

+o (sv3 + w2v4) sin wtf] }/2(4)254 | (22)

Because the denominatorand numerator of the right side of Eq. (22)
are the fourth power of s and a third-order polynomial of s, respec-
tively, we can obtain a form of the optimal control input by taking
the inverse Laplace transform of both sides of preceding equation
as follows:

u(t) = g + qot + q31° + g4’ =p' (1)q (23)
where
pry=1 r * 1, =g @ o a1 (24

Let us assume that the optimal controlinput u* consists of two parts:
|u*|=1and u* =pT (t)q. Parameters q can be determined according
to the switching times of the control input and the final states.
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C. Determination of the Parameters

A method to determine the parameters ¢ is explained using a
simple case in which the time response of the control input can be
divided into the following three parts:

1 0<tr<mg
u@) =Yg+ @t + @t +qrt n <t =<t
-1 L <t<tf (25)

To meet the final condition of the state vector, the optimal control
input must satisfy the following equation:

1 n
x(tf)=/ eA(””)B-(l)dr-i—/ A OB . pT(r)dr - ¢

fo n

1y
—/ e OB (1) dt (26)
n
and the parameters g can be obtained by
g=L"'R 27
where
o)
L=/ e =9 B . pT(7)dr (28)
1
and

1 tr
R =x(ty) —/ et~ B dr +/ et "I Bdr (29)

to 4]

To obtain a more general time response for the control input, we
can extend the method by varying the number of switchings and the
switching time.

IV. Extension to the Problem with an Inequality
Constraint on the Value of the Bending Moment
A. Problem Formulation
In this section, we consider the minimum bending-moment con-
trol problem associated with the constraint on the maximum value
of the bendingmoment at the root of the flexible beam. The problem
is described as follows:

t
minimizeJ:/ M?(t) dt
0

subject to Egs. (4), (8), (10a), (10b), and a constraint due to the
maximum bending moment of the beam, M,

IM (D)oo < Mrmax (30)

where || ||, is the infinity norm.

There are two possibilities for the optimal value of M (¢), either
[M ()] < Moy or |[M(2)| = M.« The state of the bending moment
during maneuvering can be divided into two parts: the constraint
is not effective when |M (¢)| < M.« and the constraint is effective
when |M ()| = M.« This leads naturally the partition of the ma-
neuvering period into the following five phases.

Phase 1:
M(t) < M t €[0,1]
Phase 2:
M (1) = My ten, ]
Phase 3:
M) < Mpyax t €[t 53]
Phase 4:
M(t) = —M . t € [t3, 1]
Phase 5:
M(t) > — M 1€ty ty]

Because we treat the rest-to-rest problem, the time response of
the control input should be symmetric with respect to the middle of
the maneuvering period. Thus, the control input during phase 4 and
phase 5 can be determined using the control input during phase 1
and phase 2.

Let us define the following vector to denote simply the state of
the bending moment:

. d
M=—M (31)
The state vector of the bending moment during phase 1, M (t), must
transfer from the initial state, M(ty) = [0, 0], to the final state of
phase 1, M(t|) = [M., 0], and must satisfy constraint (30). The
control input during phase 2 must maintain the value of the bending
moment within M., at any time ¢ € [¢, t,]. To realize this state, the
control input during phase 2 must be constant and be the same as
the final control input of phase 1, u,(#;). This is because the iner-
tial force induced by the control input should balance the resistant
bending moment of the flexible beam. Similarly, the state vector of
the bending moment during phase 3 must transfer from the state
M (t))=[M ., 0] to the state M (t3) = [—Max, 0]. In summary, the
optimal control input at each phase can be obtained as follows.
Phase 1:

M(t) = [MM )],

wi(t) = q + @t + q3t® + qut? t €0,] (32a)

Phase 2:
wy(t) = qi + g2ty + @at + qat} t e[, ] (32b)

Phase 3:
wi(t) = qs + qet + q1t° + qst’ t €[, 1] (32¢)

Phase 4:
wi(t) = qs + gots + qq1; + gst; t€(f, 1] (32d)

Phase 5:
Wi =—qi+ @t —1) =@t — 1)’ + @t —1)° 1€ty 1]
(32e)

B. Conditions to Determine Parameters
Let us define the following variables to simply explain the con-
ditions to determine the parameters:

X)) =[x3(0) xg0]7, a=la @ g9 g’

=45 9 a1 as)', p=0 t * 71
Because there are eight parameters, ¢;, i =1, ..., 8, to be deter-
mined in Egs. (32a-32e), we choose the following eight conditions
in accordance with the control input.

For conditions 1 and 2, the control input during phase 1 transfers
the substate vector x’(¢) from x'(z) = [0, 017 to x'(t;) = [X3max, O],
where X3 .« 18 the value determined from M.

For conditions 3 and 4, the control input during phase 2 trans-
fers the substate vector x'(z) from x'(f,) = [X3max, 017 to X' (t3) =
[_x3 max » O] .

For condition 5, the main body reaches the desired position at
t=t;.

Fofr condition 6, the control inputs u,(¢) and u5(t) are the same
atthetime t =t,.

For condition 7, the control input #; has a point of inflection at
t =1;/2. Because the problem treated in this paper is the rest-to-
rest maneuver problem, it seems natural that the control input is
symmetric with respect to the middle of the maneuver time.

For condition 8, the control input at # =0 is 0. This condition is
introduced to avoid an excessive load on the beam at the start.

After prescribing the form of the time response of the bending
moment and choosing the conditions for the determination of the
parameters, the original problem can be formulated as the optimiza-
tion problem of the variables f,, #;, and f;, which minimize the
performance index.
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V. Numerical Simulations and Experiments
A. Experimental Setup

The model of the flexible appendageis a 960-mm-longaluminum
beam with a cross section of 25 x 9 mm and is clamped to the
rigid body that moves in a horizontal plane through actuation of
a linear motor. Figure 2 shows the apparatus of the experimental
setup. Because the linear motor employed in this study can not be
operated by force control but only by velocity control, the velocity-
based control is employed to actuate the rigid body. The procedure
to apply the optimal control input to the rigid body is summarized
as follows:

1) The maneuvering time is divided into 160 sections.

2) In accord with the optimal solutions, position and velocity
of the rigid body to be realized are calculated at each node of the
discretized time.

3) The rigid body is actuated by the linear motor.

4) The positionof therigid body is sensed through the incremental

encoder, and the velocity of the rigid body is compensated to follow
the reference velocity by feeding the torque to the motor according
to the difference between the reference velocity and the current
velocity.
Two full-bridge strain gauges are located at the root of the beam to
measure the bending moment at the root of the beam. A signal from
the gauges is amplified and recorded in a processor, NEC PC9801,
using a sampling time of 0.003 s. The system parameters for the
experiment are listed in Table 1.

B. Minimum Bending-Moment Control Without Inequality
Constraint on the Bending Moment

To verify the validity of the minimum bending-moment control,
resultsare compared with the results of the well-known time-optimal
control and robust time-optimal control as shown in Figs. 3-6.
Figures 3 and 5 show control input of time-optimal control and
robust time-optimal control, and Figs. 4 and 6 show the time re-
sponses of the bending moment of these control methods. Figures 7
and 8 show the time responses of the control input and the bend-
ing moment of the minimum bending-momentcontrol, respectively.
The final time for the minimum bending-moment control without
inequalty constraint is set to be 2.0 s. The resulting control inputs
of the time-optimal control and the robust time-optimal control are
multiswitch bang—bang controls. It is known that the number of
switchings of the robust time-optimal control is greater than that

Table1 System parameters

Parameter Value
Weight of the rigid body mq 14.0kg
Bending stiffness E/ 1.01 N-m
Maximum control input 1.ON
Beam length / 0.96 m

Unit weight of beam p 0.128 kg
Final position of the rigid body x; ¢ 2.0m

D amplifier

computer

strain gauges

slider

linear motor rail

driver El
—

encoder computer

Fig.2 Experimental setup apparatus.
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Fig. 5 Time response of control input (robust time-optimal control).

of the time-optimal control. The residual vibration decreases in the
case of the minimum bending-momentcontrol as well as the robust
time-optimal control in comparison with the time-optimal control,
as shown in Fig. 8.

The switchings of control input are seen to appear shortly after
the start and before the end in the time responses of both the robust
time-optimal control and the minimum bending-moment control.
On the other hand, the switching starts rather late at the beginning
and finishes before closing to the end of the time response of the
time-optimal control. The maximum value of the bending moment
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constraint, minimum maneuvering-time solution).

timal solutions are obtained in accordance with the maneuvering
time. The robustness of the solutions is evaluated by

= 0.3 d &
x3(t x3(
E 0.2 Rb = ¢ 'i( ) e 'i( ) (33)
T dw dw?
o 0.1 t=ty t=ts
5
s 0 where ¢; and ¢, are the coefficients to evaluate the first and second
2-0.1 derivatives of x; with respect to w, respectively, and are set to be
2 02 units (¢; = ¢, = 1) in the present study. This value is equivalent to
& | G the sum of the first- and second-order sensitivity of the residual vi-
) bration energy with respect to the structural frequency uncertainty.
-0.4 g It can be expected that the residual vibration will become small
0.5 e even if the structural frequency uncertainty exists when this value
; ; ; ; ; is small. Let us discuss two solutions selected among a number
0 05 1 1.5 2 25 3 of solutions of optimization on the maneuvering time and the ro-
Time[sec]

Fig.8 Time response of bending moment (MBMC without inequality
constraints).

is seen to be suppressed by these switchings shortly after the start
and before the end of the time response of the control input. This is
seen to reduce the inclinationof the increase of the bending moment,
and this reduction naturally results in the small value of the residual
vibration as shown in Fig. 8.

C. Minimum Bending-Moment Control with Inequality
Constraint on the Bending Moment

The maximum limit on the bending moment is set to be
0.175 N-m. As the result of numerical analyses, a number of op-

bustness: One is the minimum maneuvering-time solution, and the
other is a more robust solution or a solution with stronger robust-
ness. The minimum maneuvering time is obtained as 2.17 s, and
the final time of the more robust solution is obtained as 2.20 s. The
time responses of the control input and the bending moment of the
minimum maneuvering-time solution are shown in Figs. 9 and 10,
respectively.Figures 11 and 12 show the time responses of the con-
trolinput and the bending moment at the root of the flexible beam of
the more robustsolution, respectively. The value of the bending mo-
mentis seen to violate the constraintin the experimentalresults. The
difference between the numerical simulations and experiments may
be mainly due to the second- and higher-order vibrational modes.
A switching of the control input can be seen at the middle of the
maneuvering time in the case of the minimum maneuvering-time
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Fig. 11 Time response of control input of MBMC with inequality
constraint (solution with stronger robustness).
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Fig. 12 Time response of bending moment (MBMC with inequality

constraint, and stronger robustness).

solution of the minimum bending-moment control with inequality
constraint(Fig. 9). A similar switching of the control inputis seen at
the middle of the maneuvering time in the case of the time-optimal
control (Fig. 3), as well as the robust time-optimal control (Fig. 5).
On the other hand, no switching of the control input is observed at
the middle of the maneuvering time in the case of the more robust
solution of the minimum bending-moment control with inequality
constraint (Fig. 11). It is understood that the switching of the con-
trol input at the middle of the maneuvering time is useful to reduce
the maneuvering time for the rest-to-rest maneuver problem of the
present flexible space structure, but unfavorable for the robustness
of the problem with respect to the structural frequency uncertainty.
Another switching of the control input is seen shortly after the start
and before the end of maneuver process in the case of the mini-
mum maneuvering-time solution of the minimum bending-moment
control with inequality constraint (Fig. 9), even though this solu-
tion is chosen to minimize maneuvering time. Similar switchings
of control input can also be seen in the more robust solution of
the minimum bending-moment control with inequality constraint
(Fig. 11). Therefore, it may be said that switching of control input
at the begining and the end of the maneuver is helpful to enhance
the robustness of the rest-to-rest maneuver problem of the flexible
space structure with respect to the structural frequency uncertainty.
The control input does not saturate in the case of either the min-
imum time solution or the more robust solution of the minimum
bending-moment control with inequality constraint.

Table 2 shows the summary of numerical simulations employed
in the time-optimal control, the robust time-optimal control, and the
minimum bending-momentcontrol (MBMC). It is seen that the final
time of the MBMC without inequality constraintis longer than that
of the time-optimal control by 18% and that of robust time-optimal

Table2 Comparison between time-optimal controls

and MBMC
Control algorithm tr,s J= j:)/ M2(t)dt Ry
Time-optimal control 1.70 0.111 0.247
Robust time-optimal control 1.96 0.085 e
MBMC without constraint 2.00 0.054 0.094
(fixed final time)
MBMC with constraint, minimum 2.17 0.052 0.099
maneuvering-time solution
MBMC with constraint, 2.20 0.045 0.068

more robust solution

control by 2%. The value of the performance index in the MBMC
without inequality constraint is less than that of the time-optimal
control by 51% and that of the robust time-optimal control by 36%.
Itis also seen that the final times of the minimum maneuvering-time
solution and the more robust solution of the MBMC with constraint
are longer than that of the time-optimal control by 28 and 29%,
respectively,and longer than that of the robust time-optimal control
by 11 and 12%, respectively. The values of the performance index
in the preceding two solutions are less than that of the time-optimal
control by 53 and 59%, respectively,and less than that of the robust
time-optimal control by 39 and 47%, respectively. The values of
the robustness R, are also shown in Table 2. The value R, is not
shown in the robust time-optimal control because it is prescribed
to be zero, R, =0, in the analysis. The value of the robustness for
the more robust solution is lower than that of the other results. The
residual vibration in the experiment with employment of the more
robust solution is actually smaller than that of the other results.
Thus, it may be fairly said that the MBMC is much more effective
in reducing the vibration of the beam, if we take into account the
suppression of bending moment at the root of the flexible beam
as well as the second-order sensitivity of the residual vibrational
energy with respect to the structural frequency uncertainty.

VI. Conclusions

MBMC is introduced as a problem to minimize the time integral
of the square of the bending momentinstead of the maneuvertime, to
reduce the vibration of flexible space structures during slew maneu-
vers. The problem withouta constrainton the maximum value of the
bending moment has been converted into a nonlinear programming
problem and then solved analytically.

When it was assumed that the time response of the bending mo-
ment consists of five phases and the analytical solution was utilized,
the problem with the inequality constraints on the maximum value
of the bendingmoment was solved throughnonlinear programming.
Results of numerical simulations show that the present MBMC can
successfullyreduce the flexible vibration. To demonstrate the effec-
tiveness of the proposed method, the time response of the control
inputs has been implemented in experiments, and the results of nu-
merical analysis and experiment are compared with those of the
time-optimal control and the robust time-optimal control.

Successful feasibility of our present analytical formulations is
demonstrated through numerical simulations and experiments.

Appendix: Derivation of the Integral Equation
Equation (18) is rewritten as

! vy
Vigo(ty — 7) + vadpo + o sinw(t; — 1)

+ 40, cosw(t; — r)}n(r) dr

ty t
1
1 1

0 0

ag

2
(—l> sinw(t — t)u(r)dr
w

X /sinw(t—r)n(r)dr dt =0 (A1)

to
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The secondterm of the left-handside of Eq. (A1) can be transformed
as follows:

Il

0 0

2
(a_qh) sinw(t — t)u(r)dr
w

X /sinw(t—r)n(r)dr dr

to

2ty optopt
<~ <Ol—¢I> / // sinw(t — s)u(s)ds
w fo fo Y to

X sinw(t — 7)n(r)dr dr

2 opp iy
<~ (a;m) / / / sinw(t — )
w 10 T 10

X sinw(t — t)u(s)dsn(r)drdr

ad 2 ptypopty pt
<~ (—) / / / sinw(t — )
@ fo T fo

X sinw(t — t)u(s)dsdtn(r) dr (A2)

Furthermore,

tf t
/ / sinw(t — ) sinw(t — t)u(s)ds dt
T to

tf tf
<~ / / sinw(t —s)sinw(t — t)u(s)dt ds (A3)
10 max(s,7)

and employing the integrations

1y
Y, = / sinw(t — s) sin(t — ) dt (s <1) (A4)

1
Y, = / sinw(t — s) sin(t — t) dt (s >1) (AS)

Eq. (A3) is written as

o
/ / sinw(t — ) sinw(t — t)u(s)dt ds
10 max(s,7)

T tr
/ Yiu(s)ds + / You(s) ds
1 T

0

T ty
/ Y, — Yo)u(s) ds+/ You(s)ds (A6)

Replacing the second term of the right-hand side of Eqs. (A1-A6),
we obtain

K V3
Vigo(ty —T) + vagho + - sinw(ty — 1)
+ V4 cosw(ty — T) —l—/ Yy = Yo)u(s)ds

s
+/ Y2u(s)ds}n(r)dr=0 (A7)

The integral equation (19) is then obtained by rearranging Eq. (A7).
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